A Mathematical methodology for the preventive study of the failure rate to optimize the Program Maintenance of a public work: economic-management aspects for safety and quality by Caristi, Giuseppe et al.
17
Journal of Business Administration Research | Volume 01 | Issue 01 | 2018
Journal of Business Administration Research
http://ojs.bilpublishing.com/index.php/jbar
     Distributed under creative commons license 4.0        DOI: https://doi.org/ 10.30564/jbar.v1i1.138
*Corresponding Author: 
Giuseppe Caristi
Department of Economics – University of Messina, Messina, 98122, Italy
Email: gcaristi@unime.it
AbstrAct
In this paper we analyze the problem of the assessment of the failure rate of the com-
plex public work system and the engineering part of it (bridge, tunnel, etc.), examining 
the case of serious maintenance problems, such as those which occurred in the recent 
disaster of the "Morandi bridge".
the original mathematical methodology envisaged makes it possible to optimize the 
safety and quality scenarios of the operation and infrastructure in question, also from an 
economic-management point of view, evaluating every aspect in an integrated way and 
for the entire period life.
The scientific results obtained are of particular interest for the study of maximization of 
the planning protocols of "terotechnological" interventions, providing a contribution to 
the science of programmed maintenance for the mobility networks and for more com-
plex parts such as bridges and tunnels.
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1. introduction
the maintenance of the public work and above all of network infrastructures has become a conserva-tion and the real science of the collective assets[1-7], 
those currently investing the complex sector of the scien-
tific research, called in technical literature with the neolo-
gism of terotechnology.
From a technical, economic and environmental point 
of view, this new cultural concept of maintaining design 
standards and improving the performance of the structure 
for the entire period life, answers key questions: where, 
how, when to intervene, with what technological measures 
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and at what costs. the need to perform maintenance stems 
from two primary sources, but not always convergent: the 
safety and quality of the service offered and the economic 
efficiency on the other hand.
the latter, however, is not always antithetical compared 
to the first, in consideration of the fact that a delay in the 
maintenance intervention always involves costs far more 
relevant than those due to timely action (even better if 
taken care of before the situation worsens). this is shown, 
for example, by the simple analysis of the decaying curves 
of the com-positional materials of engineering work, as in 
the following figure, where the representative variables of 
the "road-paving" and those related to the planned main-
tenance according to a life-cycle cost analysis criterion. In 
this sense, terotechnology has an even greater impact on 
the maintenance of civil structures, landscape assets, and 
monuments, as well for the "time" and interest required 
and the effect it will have on the community. In particular, 
the maintenance of today concludes, in the modern econo-
metric analysis of the management of complex work[8-12], 
also in order to maximize the safety and quality of the 
exercise, the role of a real "conservation strategy" of the 
public interest, is becoming an increasingly important 
aspect with the increase and the duration of engineering 
systems.
Figure 1. Pavement age/accumulated axle loads
Unfortunately, now we are inundated with news con-
cerning natural disasters, accidents due to non-compliance 
with regulations, the lack of adequate maintenance pro-
grams and interventions to effectively prevent the risk of 
collapses, errors attributable to inadequate maintenance 
actions, or the lack of effective monitoring of the complex 
functioning system considered.
In the recent disaster in Genova, August 14, 2018 due 
to a serious deficiency of maintenance needed for the Mo-
randi bridge in the Polcevera viaduct (A10 Genoa-savona 
motorway), whose concession was given to the "Auto-
strade per l'Italia" company. the collapse of a bridge only 
adds a series of errors, design, maintenance and those 
whom authorized the transit of heavy vehicles, has not 
provided limitations on traffic and / or speed, narrowing of 
the roadway etc. For this strategic work, placed not only 
on the Liguria mobility network, but also on important 
transnational corridors, the società Autostrade had already 
published a call for tenders for a substantial structural ret-
rofitting operation.
but, on the subject of the "anomalies" of maintenance, 
other striking events have occurred that have shocked 
the international public in the past, such as that of June 
3, 1998, near Eschede in Germany, when the worst high-
speed train accident occurred: 101 people died and another 
100 were seriously injured. The first cause of the accident 
was the breaking of a wheel rim in the first carriage, a part 
of the wheel on third axle of the convoy. Originally the 
wheel was cast in one piece but, subsequently, to reduce 
the vibrations that penalized the passenger's comfort, that 
was wrongly considered an "improvement" intervention, 
with the introduction of a special rubber ring between the 
wheel and rim: this modification was not compatible with 
the high speed of the train and was the primary cause of 
the disaster. The consequences of a deficient or inadequate 
maintenance is always and, in any case, very onerous not 
only socially but also economically and sometimes gener-
ate the loss of many human lives[13-19]. sometimes the lack 
of "reliability" of  work done can be fatal; however, the 
concept of reliability lies on the borderline between design 
and maintenance, while we now want to focus on the role 
of maintenance in the conservation of public work, until 
the maintenance and / or repair or reinforcement (in the 
case, of a crossing art work, such as the Morandi bridge, a 
varied configuration of traffic conditions over time and in 
particular the "flow-velocity" relationship), are not those 
of the project, requiring an accurate risk analysis, having 
changed with respect to the original forecasts. It should 
be noted, in this regard, that in its general meaning, the 
building process, as defined by the UNI 10838 standard, is 
the organized sequence of steps that lead from the detec-
tion of the needs of the client-user of a building property 
to their satisfaction through the design, production, con-
struction and management of the asset itself.
2. the Variables characterizing the "Mainte-
nance-safety" combination.
therefore, an appropriate management program for the 
purposes of optimal conservation of the public health and 
safety, must include all the operational steps starting from 
the get go of the building body, are succeeded with the 
purpose of ensuring its proper functioning, until the end 
of its functional and economic life cycle[6,16,30,34]. As seen 
in Fig. 2 it shows the qualitative trends of the main cost 
functions and the overall degree of reliability of the engi-
neering work.  
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Figure 2. Performance of the main cost functions and the 
degree of reliability
The most recent definition of maintenance is that in the 
European standard UNI EN 13306 of 2003, where mainte-
nance is described as the combination of all technical, ad-
ministrative and management actions, during the life cycle 
of an entity, designed to keep it in good working order or 
bring it back to a state where it can perform the required 
function, in a safe condition.
the central mission of maintenance is therefore 
that of cooperating throughout the useful life cycle of 
a public work, from concept to disposal, with the aim 
to continuously improving its operational availability 
and maintaining the standard of reliability in operation 
to protect the public that gave rise to the investment. 
However, so that the concrete result in favor of the com-
munity is consistent with this "mission", the competent 
subjects must operatively guarantee, together with a 
steady monitoring of the work, the rigorous implementa-
tion of the system of actions defined for scheduled main-
tenance, in the envistaged thunderstorm.
Figure 3. scheme of the maintenance policy scenarios of 
a public work
3. A Mathematical Model for the choice of the 
Solution that Maximizes the Objectives: the 
case of choice Under conditions of Uncer-
tainty
the most common methodological approaches to imple-
ment the planned maintenance scenarios of complex pub-
lic work are essentially two: total Productive Maintenance 
(tPM) and reliability centered Maintenance (rcM). the 
first leads to the Overall Efficiency, i.e. a more efficient 
use of plants and equipment that introduces a widespread 
maintenance methodology throughout the organization 
(companywide) based on preventive maintenance - pre-
dictive (maintenance based on statistical data, as in the 
case of advanced "railway terotechnology" implemented 
by the Italian railway Network with diagnostic trains also 
for the AV / Ac). In this way it is possible to intervene 
punctually, effectively and at the lowest operating cost, 
even before the deterioration occurs.
the rcM maintenance approach is centered on the 
concept of reliability, born in the aeronautical-military 
field, with the aim of consolidating the intrinsic reliability 
of the project. this strategy of optimizing the safety of the 
work uses, in fact, as a basis the reliability theory, that is 
a model of analysis of the causes of failure and the risk of 
the event. these elements allow the constructor responsi-
ble for the management and planning of the interventions 
to define the plans and the operational management meth-
ods, putting in place the actions of an integrated type on 
the complex of the compositional elements at work. In 
any case, whatever the model of reference, maintenance 
today requires a complex organization and an effective 
management system, oriented to the final and above all to 
the "prevention" of the fault; this implies, respect to the 
past, also a considerable cultural change of the technical 
management and of the same maintenance technician (or 
group of maintenance workers) who must carry out the 
work, often highly specialized and with the need for spe-
cial technological equipment[20-24].
the choice of the best maintenance strategies, and con-
sequently of the "conveniences" and of the opportunities 
for intervention, are different according to the case in 
question and, in time, in proportion to the transformation 
of the structure[25-28]. Furthermore, the type of choices and 
the actions required are mainly influenced by the trend of 
the failure rate [λ(t)] of a single component work and their 
structural interactions, as well as by particular exogenous 
events that occur (seismic actions, external corrosive 
agents, other factors of deterioration, etc.).
Unfortunately, in Italy, most of the maintenance inter-
ventions, as shown in the graph below, follow a failure 
strategy; exceptions are that the "predictive maintenance" 
programs carried out by the railways, with the train 
measures that run through the entire network, measuring 
the characteristic parameters of the infrastructure. these 
measures are associated with the position: geographic co-
ordinates measured by GPs with differential technology 
and path space. the position is subsequently linked to the 
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progressive mileage and to the code of the technical head-
quarters of the infrastructure data base, which univocally 
identify the route or location in the company's asset man-
agement system.
Figure 4. Morandi bridge (A10) - visible crack in the 
stack n. 9 (photo taken 7 minutes before the collapse – 
Fonte: huffingtonpost).
Figure 5. Maintenance culture in Italy
this indicates that the maintenance culture in the 
general management of public works respect to failure 
prevention is the tool to lengthen the period of life of the 
components that are not yet well structured in each sector, 
to obtain the maximum safety and quality and the mini-
mization of costs over the entire useful life cycle (every 
predictive intervention, i.e. before the failure to verify, 
reduces the maintenance charges).
This deficiency emerges above all in the building sec-
tor where, in 64% of cases, corrective and non-preventive 
strategies are used. On the other hand, it is less deficient as 
regards the plant engineering fields, where the percentages 
of preventive measures are much higher than those with 
a breakdown (with the exception of electrical systems 
for public works and motorway tunnels). For the road 
transport sector, without prejudice to the large tEN-t 
motorway network, it should be noted that maintenance 
occurs most of the time, including for works of art such 
as bridges and viaducts, with which the road networks are 
richly equipped, in "emergency run-up" policy, which can 
be summarized according to the old "worst-first" culture 
(heal the worst situation first).
this illogical and uneconomical way of proceeding 
causes a significant increase in the level of risk, due to 
the ever-increasing volumes of traffic and therefore to the 
more critical characteristics of the flow that characterize 
the network conditions, jeopardizing the safety.
the companies responsible for managing the road pat-
rimony in operation often have budget reductions made to 
their financial resources dedicated to road maintenance. 
Limiting even the highly specialized technical resources 
to comply with a continuous monitoring of the "state of 
health" of the works. In some cases, there is a lack of 
proper planning and the "rain" distribution of the overall 
budget provided on the network under concession, regard-
less of an accurate and timely assessment of priorities: 
so, the priority objective to guarantee the essential quality 
standards of gear and safety, not only to motorized users 
but to the entire population is nullified (as well as the trag-
ic collapse of the Morandi bridge).
In particular, precisely for the work of crossing the 
territory, such as bridges, the activity inspection must be 
technically considered a systematic action that is framed 
over time for the entire useful life span, related to the 
continuous data collection of the adequate technological 
systems.
the analysis work will have to consider the historical 
series of observed variables, following the evolution of 
the overall performance and more so the safety level indi-
cators, such as, to characterize the state of the bridge, the 
condition rating mark (crM)).
Furthermore, in the case of the bridges made with con-
crete elements, a methodological risk an analysis process 
must be followed, functional to the systematic mainte-
nance management, according to the diagram shown in 
Fig. 6.
the characteristic crM indicator represents a numer-
ical evaluation of all possible types of damage that have 
been detected during the visual inspection of the work 
and considers their gravity and extent. the condition of a 
bridge structure is evaluated by using the following gener-
al formula:
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Figure 6. risk analysis process for a concrete work of art
𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪 𝑹𝑹𝑹𝑹𝑪𝑪𝑪𝑪𝑪𝑪𝑹𝑹 𝑴𝑴𝑹𝑹𝑴𝑴𝑴𝑴 = �𝑮𝑮𝑪𝑪 ∙ 𝑲𝑲𝟏𝟏𝑪𝑪 ∙ 𝑲𝑲𝟐𝟐𝑪𝑪 ∙ 𝑲𝑲𝟑𝟑𝑪𝑪 ∙ 𝑲𝑲𝟒𝟒𝑪𝑪 
where:
-Gi is the type of damage, 1 ≤ Gi ≤ 5;
-K1i is the extent of damage; 1 ≤ K1i ≤ 1. It can be de-
scribed by the words: few or some, frequent or very fre-
quent and big dimensions.
-K2i is the extent of damage; 1 ≤ K1i ≤ 1. It can be 
described by the words: little or insignificant, medium, 
heavy and very heavy. 
-K3i is the importance of the structural element. 1 ≤ K3i 
≤ 1. Structural components are classified as primary, sec-
ondary and other parts.
-K4i is the urgency of intervention 1 ≤ K4i ≤ 10 and de-
pends on the type of severity and risk of collapse of the 
structure or part of it.
-the values that can take condition rating Mark are 
between 0 and 70.
According to this approach, the degree of risk can 
therefore be roughly characterized by 6 different qualita-
tive scenarios, as shown in the following table:
On the other hand, from a mathematical point of view, 
the fault alert levels can be identified by specific risk and 
criticality indicators of the event (detected or potential 
anomaly), from which the intervention priority can be ob-
tained. Particularly useful for practical applications in the 
terotecnological sciences, they cover the so-called "risk 
matrices", as shown below.
table 1. Degree of risk
Damage 
class
Definition
condition rating 
value
1
2
3
4
5
6
No or very little deterioration
Little deterioration
Medium to severe deterioration
severe deterioration
Very severe deterioration
Very severe or total deterioration
0-3
2-8
6-13
10-25
20-70
>50
the latter is attributed on the basis of the variable rPN 
(risk priority number) which is a composite risk index 
and denotes the degree of attention that is required in con-
crete to address the risk identified for each Eh component 
of the deterioration event E characterizing in its complex 
of the public work in the studio (bridge, gallery, entire 
network, etc.).
the systematic analysis that must be carried out must 
also include the evaluation of the degree of significance 
Wh ("weight") of each element Eh characterizing the main-
tenance problem examined, analyzing all the "concurrent 
causes" of the degradation.
table 2. risk Matrix
Damage
Little Moderate serious
Probability
Very Unlikely Very Low risk Very Low risk High risk
Unlikely Very Low risk Medium risk Very High risk
Likely Low risk High risk Very High risk
Very Likely Low risk Very High risk Very High risk
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the "cause-effect" diagrams are the simplest and at 
the same time the most effective tool for dealing with the 
problem of the risk analysis of an event. the basis of this 
tool is to continually use the word "why", that is to con-
stantly question the reason of a certain situation or phe-
nomenon and proceed backwards by asking this question 
several times.
Figure 7. cause-effect
In this way, it will be possible to make an operative 
reference to the "Failure Mode and Effect Analysis" crite-
rion, systematically examining all the ways in which it is 
possible for damage to occur, and for each of them make 
an estimate of the effects through three indices that define 
the severity (s), the frequency of occurrence (f) and the 
detection capacity (c), evaluated according to a numerical 
scale and combined to define the aforementioned RPN in-
dex.
Following this approach, the risk priority number can 
be calculated using the mathematical expression:
RPN (e) = ∑𝑬𝑬𝒉𝒉
−𝑾𝑾𝒉𝒉 �𝜓𝜓(𝑥𝑥𝑖𝑖)� = ∑(𝑺𝑺𝒉𝒉 ∙ 𝒇𝒇𝒉𝒉 ∙ 𝑪𝑪𝒉𝒉)−𝑾𝑾𝒉𝒉  �𝜓𝜓(𝑥𝑥𝑖𝑖)�, 
where �𝑤𝑤ℎ  = 1. 
We must determine the values of x1, x2, .. xk, in order to 
obtain the optimum solution of the objective function 
y = ψ (x1
-w1,..., x1
-wi .. xh
-wh ),
where
y =ψ (xi
-wi),
and ∑𝑤𝑤𝑖𝑖 = 1,  and expresses the coordinated set of ele-
ments of optimization of safety and the quality of the op-
eration of the work at the time "t" in which the verification 
is carried out, within the interval [0, ..., t, ..., T] of the rel-
ative useful life. the aim of the aforementioned analysis 
is to be able to identify in advance all the actions neces-
sary for the full restoration of structural efficiency and 
performance in operation and to avoid all possible damage 
related to the risk event detected, ensuring the quality 
global engineering work and at the same time minimizing 
management costs, thanks to the timely adoption of the 
best solutions to the maintenance problems. Depending on 
the technical framework offered by the complex from the 
data collected and in relation to the risk scenario where 
decisions must be made in conditions of uncertainty (in 
the operational choices on maintenance the random vari-
ables often play a decisive role), a methodology approach 
in such case, the problem can be summarized as fol-
lows[29]. We consider m random independent events Ei (i = 
1, …, m) which characterize the problem and we suppose 
that they are complementary, such that if the event E1 oc-
curs, it excludes any other alternative Ei.
For any other possible events we associate the proba-
bility pi with �𝑝𝑝𝑖𝑖
𝑚𝑚
1 = 1.  If we denote with Aj (i = 1,…,n) the 
different alternative options in oreder to make the mainte-
nance program, the Project Manager must make his choic-
es by analyzing a complex set I, made up of elements Rij 
obtained from:
Aj= f (Ei).
the problem is represented by a data table, where the 
decision alternatives  take on the mathematical connota-
tion of random variables. considering that the expected 
value of a discrete random variable (that assumes that is 
only a finite number or a countable infinity of values) is 
given by the sum of the possible values of this variable, 
each multiplied by the probability of being assumed (ie 
the occurrence of event), we need to calculate the weight-
ed average of the possible results and, therefore, the ex-
pected value Vj (Aj) of each variable Aj. the latter is given 
by the expression: 
𝑉𝑉𝑗𝑗  � 𝐴𝐴𝑗𝑗  � = ∑ 𝑅𝑅𝑖𝑖𝑗𝑗 ∙𝑛𝑛1 𝑝𝑝𝑖𝑖 . 
therefore, on the basis of the previous reports, it will 
be possible to reach the "optimal" project solution Sp(Ak), 
considering all the variables Ak that set in the definition of 
the decision-making process (including those Aj of ran-
dom type):
𝑺𝑺𝒑𝒑 ( 𝐴𝐴𝑘𝑘  ) = 𝑹𝑹𝑴𝑴𝑹𝑹 � 𝐦𝐦𝐦𝐦𝐦𝐦
𝑴𝑴=𝟏𝟏,…,𝒔𝒔 [𝑉𝑉𝑘𝑘  ( 𝐴𝐴𝑘𝑘  )− 𝒘𝒘𝑴𝑴]�, 
where Wk represents the "weight" of each alternative Ak 
with ∑ 𝑤𝑤𝑘𝑘𝑠𝑠1 = 1. .
In order to evaluate the degree of relevance and, there-
fore, make the best choice, the specific impact of each risk 
must be cataloged on the basis of a scale of factors such as 
performance, timing, costs, quality, the image of the orga-
nization, the damage to international relations, the effects 
to the environment, etc.
Finally, the probability of occurrence must be assigned 
to each identified risk and the expected monetary value 
estimated for each consequent impact generated (including 
the "externalities" due to the effects on the intrinsic safety 
of the work). this in order to be implement effectively the 
risk planning and management of better coordinated man-
agement of emergencies, providing for a targeted response 
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strategy: this must ultimately include the definition of all 
the actions and resources necessary to reduce the impact 
and / or probability of risk within acceptable levels of 
safety and quality.
to this end, a logical scheme useful in practice to opti-
mize this important aspect, can be represented by the fol-
lowing matrix (see Fig. 8) that provides a representation 
of the activities (A, ..., F) and the risk characterization, 
evaluated according to the criticality of the event and its 
probability of occurrence[30-33]
Figure 8. Logical scheme of probablity
through this methodology of approach to the problem 
under study, we come to the choice of the "optimal" solu-
tion of the project Sp(Ak), given by the formula:
𝑺𝑺𝒑𝒑 ( 𝐴𝐴𝑘𝑘  ) = 𝑹𝑹𝑴𝑴𝑹𝑹 � 𝐦𝐦𝐦𝐦𝐦𝐦
𝑴𝑴=𝟏𝟏,…,𝒔𝒔 [𝑉𝑉𝑘𝑘  ( 𝐴𝐴𝑘𝑘  )− 𝒘𝒘𝑴𝑴]�, 
where Ak is the generic project alternative of interven-
tion, among the "s" compared, in respect to the different 
technical, economic and environmental constraints, while 
is the expected value of each variable Ak (many of them 
aleatory) analyzed in the decision-making process, to 
which a "weight" wk has been attributed.
4. Preventive Failure rate Study to Optimize 
Maintenance
consider a sequence Xl, X2,… of independent random 
variables of the same order, which represent periods of 
life[34]. It could either represent time of service before a 
failure of any material kind occurring at an initial time of 
t=0. Our aim is to obtain information on the common dis-
tribution of these periods of life starting from observation 
data. Putting X=Xl, for convenience' sake, we note that 
F(x)=(X≤ x) is the probability that the length of life is less 
than or equal to x. It is supposed that F has a probability 
density ( )xF
dx
dxf =)(  continuous on (0,∞), which al-
lows us to define the rate of failure as
 (1)
the most classic model to present these periods of life 
is the exponential law F (x) = l - exp (-λ x) for x > 0, cor-
responding to a λ constant rate of failure. From a sample 
Xl, X2,…Xn of data resulting from this exponential law, λ 
can be calculated without difficulty by the method of the 
maximum likelihood ratio
∑
=
= n
i
iX
n
1
λˆ , (2)
which is asymptotically normal with )1,0()1/ˆ(21 Nn →−λλ  
when ∞→n . However, this is an ideal situation, and a 
more complicated distributions of exponential laws that 
are more frequent. the most classic example is given by 
the Weibull family of laws which includes the exponential 
law as a particular case, and for which,
)exp(1)( αλxxF −−= ,
and
0)exp()( 1 >−= − xforxxxf αα λαλ .
the corresponding rate of failure is therefore
0)( 1 >= − xforxx ααλλ .
IFr (increasing failure rate) or DFr (decreasing failure 
rate) laws are thus obtained by putting a>1 or 0<a<1. 
Evaluation of λ and x parameters of such a distribution is 
more complex than the exponential law. this is in part due 
to the fact that density f(x) can become infinite at x=0 for 
certain values of x. However, it is possible to use the 
method of the maximum likelihood ratio estimating ),( αλ  
for ( )αλ ˆ,ˆ , obtained from the solution of the following 
equations
n
XX
X
XX
and
X
n
n
i
ii
n
i
i
n
i
ii
n
i
i
∑
∑
∑
∑
=
=
=
=
−== 1
ˆ
1
ˆ
1
ˆ
1
ˆ
loglog
ˆ
1ˆ
α
α
α
α α
λ
 .(3)
this is usually obtained by means of recurring algo-
rithms, starting from the initial value ( )λα ˆ,ˆ of ( )λα , , ob-
tained from the moment's method. to obtain this, it can be 
sent that, for r>0 we have:
,)1/2()(
,)1/1()(
,)1/()(
/2
/1
/
α
α
α
λα
λα
λα
−
−
−
+Γ=
+Γ=
+Γ=
X
X
rX rr
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which gives values ( )λα ˆ,ˆ , obtained from the solution of 
the system
( )
( )
( )
α
αλ
α
α
ˆ
1
2
1
1
2
2 1
1ˆ1ˆ
1
1
1ˆ1
1ˆ2












+Γ
=






=
+Γ
+Γ
∑∑
∑
==
=
n
i
i
n
i
i
n
i
i
X
n
and
X
n
X
n
 (4)
the complex, implicit form the equations (3) and (4) 
gives us an idea of the practical difficulties which can be 
encountered in the application of these methods based 
on non-exponential parametric models. In addition, it 
may happen that data has to be used which do not have a 
clear model of parameters. there-fore, different models 
are compared amongst themselves, for example, based 
on gamma and lognormal families of laws. More details 
on this can be found in the work of Kalbfleisch and Pren-
tice[35].
5. A Mathematical Approach for a Problem of 
Preventive Maintenance
the problem becomes even trickier when, instead of look-
ing at raw data for a period of life X1,X2,...Xn, there is cen-
sored data[36-42]. It is supposed that there exists a sequence 
Y1,Y2,… of the censored time whereby it is only possible 
to observe periods of life through the intermediary (Z1, δ1), 
(Z2, δ2), … where, for i = 1,2, ...,
{ }



>
≤
==
ii
ii
iiii YX
YX
when
when
andYXZ
0
1
,min δ
 (5)
in other words Zi, is the minimum value of length of 
life Xi and time of censored Yi , while δi is equal to 1 if the 
length of life is not censored, otherwise it equals 0.
Actually, this is the most frequent situation. In industri-
al application situations one does not wait for material to 
fail (at the end of time Xi) to substitute it, in a preventive 
maintenance program (carried out at the end of time Yi). In-
tervention can take place at the end of time Zi=min{Xi,Yi} 
distinguishing cases δi=1 (intervention after failure) from 
δi=0 (intervention of preventive maintenance).
In practice, a model can be used where the sequence of 
lengths of life { }1: ≥iX i  and the successions of censored 
time { }1: ≥iYi  are independent, and where each of these se-
quences are made up of independent and random variables 
of the same order, with
F(x)=(X ≤ x), G(x)=(Y ≤ x), 
H(x)=(Z ≤ x)=1-(1-F(x))(1-g(x)) (6)
for x > 0, when Y=Y1 and  Z=Z1
the shape of the distribution of the censored data 
(that is of G) is, in general, totally unknown. What is still 
worse, is that there is no reason to suppose that this dis-
tribution function G is continuous. For example, in the 
case of preventive maintenance, censored times are often 
used, taking a finite value number, which corresponds to 
discrete laws. Let it be said we are not particularly inter-
ested in G, which is introduced as a negative parameter of 
modern urban life, here we try to eliminate it to recuperate 
data on F.
In the case of which ( ) ( )xxF λ−−= exp1  follows an ex-
ponential law, evaluation of the rate of failure λ (which 
here fully determines the distribution of the length of life) 
is relatively easy, even with censored data. the following 
reasoning is quite clear. Let us put
.
It can easily be seen that
H (x) = Z £ x) = H (0) (x)+H (1)(x),
when
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0
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when δ=δ1. From (7) it is implied that
,)exp())_(1()exp())_(1()(
00
∫∫
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−−=−−== dxxxGdxxxGp λλλλδ
while
the estimator can be deduced
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It can be seen that (8) takes us back to (2) in the case of 
non-censored data (since δ1=1 for every i). this estimate 
has optimum properties (estimator of the maximum likeli-
hood ratio). It can be shown without difficulty that
).1()(),(),(,2)( 22 AAVarABZCovABZVar λλδλδ −=−=−=
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In addition, when ∞→n ,
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In this case of non-censored data results are found put-
ting G(x)=1, and we obtain
∫∫ ==− −−
1
0
1
0
1))(1( dxedxexG xx λλ λλ .
The convergence (9) allows us to obtain confidence in-
tervals for λ  if we consider
∑=→





−
=
n
i
i
d
n
withNn
1
2
1
2
1 1)1,0(1
ˆ
δδδ
λ
λ
if it is underlined that
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is nothing more that the number of observations of the 
non-censored length of life, the asymptotic confidence in-
terval is obtained
,11ˆ,1ˆ 2/2/ ανλνλλ αα −≈


















−





−∈
NN
where 2/αν  indicates the order quantity 2/1 α− of the 
normal law N(0, 1). the formula above the above formu-
las are generalised, not without some technical difficulties, 
for the Weibull, gamma or lognormal family of laws. 
However, in the absence of precise information on models 
it is strongly advised to use non-parametric estimators 
such as the Kaplan-Meier (1958) estimator.
6. conclusion
the recent and dramatic collapse of the Morandi bridge 
on the A10 motorway, in Genova, has opened a lively de-
bate on the investments actually incurring in Italy and in 
the EU for the maintenance and modernization of both the 
road and motorway networks, and moreover, on the whole 
transport system and on major crossing works.
the technical literature of the sector shows how an 
effective risk prevention tool is already represented by an 
accurate bridge Management system (see Fig. 9), through 
which the managing body can continuously have all the 
information necessary to program in an optimal manner 
the maintenance and control of the structures heritage, 
considering structural, economic and social factors.
 Figure 9. bridge Management system
the OEcD data show that Italy would rank second in 
Europe for road maintenance spending, with just over € 
15,000 spent per km in the years between 2010 and 2015. 
However, these figures are not strictly indicative, because 
the Italian orographic context requires proportionately 
higher expenses than those that might be needed in an-
other flat country of the Union such as, for example, Den-
mark.
Figure 10. Morandi bridge collapsed in 14.8.2014  
Genova (A10)
In the last decade, the science of maintenance (tero-
technology) has had a significant development in the 
scientific field due to the incidence that it assumes in the 
economy of a modern country and for the community, 
representing a fundamental element for the exercise in 
safety of the complex integrated mobility system, both for 
passenger and freight traffic.
In the present work, attention has been focused on the 
assessment and analysis of the degradation status of the 
road infrastructures and in particular to the major works 
of art, in order to estimate the degree of risk of each com-
positional element and to establish the priorities of the in-
terventions. maintenance necessary to ensure appropriate 
quality and safety standards.
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Moreover, original mathematical models have been 
developed which, through the use of specific variables 
characterizing the problem under study, allow to achieve 
the optimization of the results of the planned maintenance 
action, both in terms of quality and safety and contain-
ment. Operating costs in the useful life cycle of the public 
works (or the set of assets, in the case of a network) under 
consideration.
the Project optimum solution (considering different 
aspect) Sp(Ak) is taken from:
𝑺𝑺𝒑𝒑 ( 𝐴𝐴𝑘𝑘  ) = 𝑹𝑹𝑴𝑴𝑹𝑹 � 𝐦𝐦𝐦𝐦𝐦𝐦
𝑴𝑴=𝟏𝟏,…,𝒔𝒔 [𝑉𝑉𝑘𝑘  ( 𝐴𝐴𝑘𝑘  )− 𝒘𝒘𝑴𝑴]�, 
where Ak is the k-th alternative project alternative, 
Vk(Ak) is the aspected value for any variable Ak considered 
in the decisional process and wk is the weight.
Finally, the preventive study of the failure rate was op-
timized to optimize a maintenance process and the math-
ematical resolution of a preventive maintenance problem 
was also proposed, in the presence of censored data.
the mathematical model can be effectively used 
where the sequence of life span and the sequences of the 
censored times are independent and where each of these 
sequences composed of independent random variables of 
the same order.
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